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Setup and bullet notation

@ X a fixed Banach space.
o F =T(L?(Ry;k)) for a fixed Hilbert space k.

o S C L?(Ry; k) the set of all k-valued step functions.
o &= Lin{e(f): f €S}

Recall that F = Fjg +) @ F,o0) and Vie(f) = f(t) @ e(f) e ko F.
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Setup and bullet notation

@ X a fixed Banach space.
o F =T(L?(Ry;k)) for a fixed Hilbert space k.

o S C L?(Ry; k) the set of all k-valued step functions.
o &= Lin{e(f): f €S}

Recall that F = Fjg +) @ F,o0) and Vie(f) = f(t) @ e(f) e ko F.

Notation
For P € B({Fo.n|i A) and Q € B({Fit.o0)li A).

PeQ®:=mo (P@Q) € B((F|; A),

where m is the operator AQA — A induced by multiplication in
A, using  (Fio,0)|®(Ft,00)| = (Fo,5) ® Flt,00)| = (F.
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Cl identification

Natural CI isomorphisms

U, V, W concrete operator spaces
H Hilbert space

o W®w [H) = CB((H|; W).

e CB(U; CB(V;W)) = CB(V; CB(U; W)).

UKIERI Research Collaboration Network QP-NCG-QI

Bata Krishna Das, joint work with J. Martin Lindsay



Cl identification

Natural CI isomorphisms

U, V, W concrete operator spaces
H Hilbert space

o W®w [H) = CB((H|; W).

e CB(U; CB(V;W)) = CB(V; CB(U; W)).

Viewpoint on Standard Mapping Processes on A

(kt)tZO in CB(A,A XM B(f))
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Cl identification

Natural CI isomorphisms

U, V, W concrete operator spaces
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Cl identification

Natural CI isomorphisms

U, V, W concrete operator spaces
H Hilbert space

o W®w [H) = CB((H|; W).
o CB(U; CB(V; W)) 2 CB(V; CB(U; W)).

Viewpoint on Standard Mapping Processes on A

(ke)eso in CB(A;A®w B(F)) C L(& CB(A;A @y \]—“>))
v CB(<}"\;CB(A))) '
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Cl identification

Natural CI isomorphisms

U, V, W concrete operator spaces
H Hilbert space

o W®w [H) = CB((H|; W).
o CB(U; CB(V; W)) 2 CB(V; CB(U; W)).

Viewpoint on Standard Mapping Processes on A
(ke)eso in CB(A;A®w B(F)) C L(& CB(A;A @y \]—“>))

= L(& CB((F; CB(A)))

QS Processes in Banach space

Families (m¢)>0 in L(E; B({(F|; X)).
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Vector processes: &(f)-adaptedness

Let f € L2(Ry; k).

Definition

A family X = (X¢)e>0 in B((F|; X) is an e(f)-adapted vector
process in X if it satisfies

o t— X¢((&|) weakly measurable.
o X; = X()&R (Ie(fieoc))) ) where X(t) € B((Fio,g)]: X).
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Vector processes: &(f)-adaptedness

Let f € L2(Ry; k).

A family X = (X¢)e>0 in B((F|; X) is an e(f)-adapted vector
process in X if it satisfies

o t— X¢((&|) weakly measurable.
o X; = X()&R (Ie(fieoc))) ) where X(t) € B((Fio,g)]: X).

For a family X = (X¢)¢>o0 in B((F|; X), TFAE:
1. X is an e(f)-adapted vector process in X.

2. Vyex XY 1= (X =wo X¢)r>0 defines a “standard”
e(f)-adapted vector process in (F|* = F.
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Vector processes: Skorohod integration

Let f € L2(Ry; k).

An e(f)-adapted vector process X = (X¢)e>0 in B((k® F|; X) is
Skorohod-integrable if
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Vector processes: Skorohod integration

Let f € L2(Ry; k).

An e(f)-adapted vector process X = (X¢)e>0 in B((k® F|; X) is
Skorohod-integrable if

@ Veeg t— X; <<Vt5|) locally Pettis-integrable.
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Vector processes: Skorohod integration

Let f € L2(Ry; k).

An e(f)-adapted vector process X = (X¢)e>0 in B((k® F|; X) is
Skorohod-integrable if

@ Veeg t— X; <<Vt5|) locally Pettis-integrable.

® Vi>0 SUP,cBali[x] J5lw o Xs||2ds < oo.
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Vector processes: Skorohod integration

Let f € L2(Ry; k).
Definition

An e(f)-adapted vector process X = (X¢)e>0 in B((k® F|; X) is
Skorohod-integrable if

@ Veeg t— X; <<Vt5|) locally Pettis-integrable.

® Viso SUP,cpaifz] Jo lw o Xs|[2ds < oo.
Now define S}X in L({£]; X) by duality:

(SEX)(eD) = Jy X ((Vs(0)]) ds.
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Vector processes: Skorohod integration

Let f € L2(Ry; k).
Definition

An e(f)-adapted vector process X = (X¢)e>0 in B((k® F|; X) is
Skorohod-integrable if

@ Veeg t— X; <<Vt5|) locally Pettis-integrable.

® Viso SUP,cpaifz] Jo lw o Xs|[2ds < oo.
Now define S}X in L({£]; X) by duality:

(SEX)(eD) = Jy X ((Vs(0)]) ds.
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Vector processes: (S*X):>o as &(f)-adapted vector process

Let f € L2(R4; k).

Let X = (X¢)t>0 be a Skorohod-integrable ¢(f)-adapted vector
process. Then

1. (8%X)¢>0 defines an (f)-adapted vector process in X.
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Vector processes: (S*X):>o as &(f)-adapted vector process

Let f € L2(R4; k).

Let X = (X¢)t>0 be a Skorohod-integrable ¢(f)-adapted vector
process. Then

1. (8%X)¢>0 defines an (f)-adapted vector process in X.

1/2
2. [|8FX = SFX| < Crjr.e) SUPLeBali[] (f:”w OXsH2d5> :
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Vector processes: (S*X):>o as &(f)-adapted vector process

Let f € L2(R4; k).

Properties

Let X = (X¢)t>0 be a Skorohod-integrable ¢(f)-adapted vector
process. Then

1. (8%X)¢>0 defines an (f)-adapted vector process in X.

1/2
2. [|8FX = SFX| < Crjr.e) SUPLeBali[] (f:”w OXsH2d5> :
3. va:{* W o (S?X) = St(Xw)
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Vector processes: (S*X):>o as &(f)-adapted vector process

Let f € L2(R4; k).

Properties

Let X = (X¢)t>0 be a Skorohod-integrable ¢(f)-adapted vector
process. Then

1. (8%X)¢>0 defines an (f)-adapted vector process in X.

1/2
2. [|8FX = SFX| < Crjr.e) SUPLeBali[] (f:”w OXsH2d5> :
3. vwe:{* W o (S?X) = St(Xw)

4. If X is locally bounded then t — S*X is locally Holder
1/2-continuous.
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QS process in X

A family m = (my)¢>o in L<8; B((F]; X)) is a QS process in X if
it satisfies
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QS process in X

A family m = (my)¢>o in L<8; B((F]; X)) is a QS process in X if
it satisfies

1. Veee, wexs, ceF tH— w(mt,g(@])) is measurable.

Bata Krishna Das, joint work with J. Martin Lindsay UKIERI Research Collaboration Network QP-NCG-QI



QS process in X

A family m = (my)¢>o in L<8; B((F]; X)) is a QS process in X if
it satisfies

1. Veee, wexs, ceF tH— w(mt,g(@])) is measurable.

2. mec(r) = mO(OBR(Ie(fieo)))).
where m*()(t)

= mtva(f[O,t)) ‘ <-7:[0,t)‘ :
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QS process in X

A family m = (my)¢>o in L<8; B((F]; X)) is a QS process in X if
it satisfies

1. Veee, wexs, ceF tH— w(mt,g(@])) is measurable.

2. mee(ry = M OOER([e(fieo)))).
where m*()(t)

= mtva(f[o,t)) ‘ <-7:[0,t)‘ :

Example (QS Process in B(h))
For a “standard” QS process X = (X¢)t>0 in B(h ® F).

me £ ((€]) == (h ® (€)Xe(h ©[e))

defines a QS process in our (wider) sense.
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QS cocycles in A

Let A be an unital Banach algebra.

A QS process m in A is a QS cocycle if it satisfies
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QS cocycles in A

Let A be an unital Banach algebra.

A QS process m in A is a QS cocycle if it satisfies

mr+t,€(f) = ma(f)(r) > O-r(mtus(sr*(f[r,oo))))’

mo<((€]) = (€, €)1a.
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QS cocycles in A

Let A be an unital Banach algebra.

A QS process m in A is a QS cocycle if it satisfies

mr+t,€(f) = ma(f)(r) > O-r(mtuE(Sr*(f[r,oo))))’

moe((€]) = (€, €)1a.

o Associated semigroups {P<9 : c,d € k} of m:

Ptc’d = mt,e(d[o,t))(<€(c[ovt))|)'
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QS cocycles in A

Let A be an unital Banach algebra.
A QS process m in A is a QS cocycle if it satisfies
Myt ea(r) = M) @ 0 (Me (i (s, )

moe((€]) = (€, €)1a.

o Associated semigroups {P<9 : c,d € k} of m:

Ptc’d = mt,e(d[o,t))(<€(c[ovt))|)'

o m is Markov-regular if each P9 is norm continuous.
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QS cocycles in A

Let A be an unital Banach algebra.

A QS process m in A is a QS cocycle if it satisfies

mr+t,€(f) = ma(f)(r) > O-r(mtuE(Sr*(f[r,oo))))’

moe((€]) = (€, €)1a.

o Associated semigroups {P<9 : c,d € k} of m:
’d .
P = my (dg ) ((E(c0,0))1)-
o m is Markov-regular if each P9 is norm continuous.

e m is adjointable if there is a QS cocycle m' in Al satisfying

mio (1) = (mea((eD)
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QSDE

SetE:(C@k

For v € L(k; B((k|; A)), the QSDE

dmy = me.ydA(t), mo((€]) = (€,e)1a

has a unique solution, denoted m?. It is given by a form of Picard
iteration:

ml. = Ay, € B((F; A).

n>0
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QSDE

SetE:(C@k

For v € L(k; B((k|; A)), the QSDE

dmy = me.ydA(t), mo((€]) = (€,e)1a

has a unique solution, denoted m?. It is given by a form of Picard

iteration:
mie = 3 A (r""). € BU(F: A).
n>0
Properties:
1. t — m]_ is locally Holder 1/2-continuous.
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QSDE

SetE:(C@k

For v € L(k; B((k|; A)), the QSDE

dmy = me.ydA(t), mo((€]) = (€,e)1a

has a unique solution, denoted m?. It is given by a form of Picard

iteration:
mie = 3 A (r""). € BU(F: A).
n>0
Properties:
1. t — m]_ is locally Holder 1/2-continuous.

2. m” js a Markov-regular QS cocycle.
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QSDE

SetE:C@k

For v € L(k; B((k|; A)), the QSDE

dmy = me.ydA(t), mo((€]) = (€,e)1a

has a unique solution, denoted m?. It is given by a form of Picard

iteration:
mie = 3 A (r""). € BU(F: A).
n>0
Properties:
1. t — m]_ is locally Holder 1/2-continuous.

2. m” js a Markov-regular QS cocycle.
3. If v is adjointable then m” is also adjointable and
(m")f = o
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Stochastic generators for QS cocycles

Let m be an adjointable, Markov-regular QS cocycle in A such that

t— my. and t — meE are locally Holder 1/2-continuous.
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Stochastic generators for QS cocycles

Let m be an adjointable, Markov-regular QS cocycle in A such that

t— my. and t — meE are locally Holder 1/2-continuous.

Then there is v € L(k; B((k|; A)) such that

m=m".
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Idea of the Proof

1. For fixed w € C, d € k, define
’h( v ) € B((C|; A) and 72( v ) & B((K|; 4) by
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Idea of the Proof

1. For fixed w € C, d € k, define
’h( v ) € B((C|; A) and 72( v ) & B((K|; 4) by

T ( ‘Z ) 1 (2| +—>?<ﬁo,d + (w — 1)50,0),and
w ) 1
Y2 < d ) = st. Ilmt_>0 W (mtva(d[o,t)) — m075(d[07t))) @) Et
+ (W — ].)St |imt_>0 i(mt 6(0) — mo 5(0)) o Et?
\/E y ;

where E; is the isometry (c| € (k| — %(C{OJ)‘ € (F|.
2. Set

~

v(n) = [m(n) v2m)] € B(k:A) (1€ k).



Idea of the Proof

1. For fixed w € C, d € k, define
() e Uk Ay andan (Y ) € BUKEA) by
" ( ) 2 (z] Hf(ﬁo,d + (w— l)ﬂo,o),and

w
d
w . 1
Y2 d = st. Ilmt_>0 W (mtva(d[o,t)) — m075(d[07t))) @) Et
) 1
+ (W — ].) st. ||mt_>0 % (mt’g(o) — m075(0)> o Et?

where E; is the isometry (c| € (k| — %(C{OJ)‘ € (F|.
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Idea of the Proof

1. For fixed w € C, d € k, define

() e ety ana e () € BOKE A by

n ( ) {2l H?<ﬁo’d +(w— 1)50,0),and

w
d
w : 1
Y2 d = st. Ilmt_>0 W (mtva(d[o,t)) — m075(d[07t))) @) Et
) 1
+ (W — ].) st. ||mt_>0 % (mt’g(o) — m075(0)> o Et?

where E; is the isometry (c| € (k| — %(C{OJ)‘ € (F|.
2. Set

~

y(n) = [m(n) v2m)] € B(kl:A) (1€ k).
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